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Compression Represents Intelligence Linearly

Background
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B Compression Represents Intelligence Linearly (COLM 2024)
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Background

B Kolmogorov Complexity

A = 4444444444
B = 2718281828
C = 1756475382

Cy(w) = min{lp| : £(p) =z} .
K(z) := Cy(z) = min{|{M,w)| : TM M halts on input w and outputs z} .

A string x is incompressible or Kolmogorov random if K(x) > |z|.

“Anyone who considers arithmetical methods of producing random digits is, of course, in
a state of sin.” (Von Neumann, 1951)



m

Background

B Kolmogorov Complexity

Theorem 6 (Euclid c. 300 BC). There are infinitely many prime numbers.

Proof. Suppose not. Let py,po, ..., pr be a list of all the primes for some integer k. Let m € N be a natural
number whose encoding in binary is incompressiblellz\ and let n = |logom| + 1. Write m as a product of
primes: for some non-negative integers eq,..., e,

€ € (%
m=pipy Py -

Note that we can describe m by providing (e1,es,...,e;). We claim that this is a short description of m,
contradicting the incompressibility of m. Note that each e; < log, m < n, so it takes only log, n bits to
describe each e;. Hence, we can descibe (ey, ..., ex) with at most (2k—1) logy n+2(k—1)+0O(1) = O(logy n)
bits. (Note that k is constant, independent of n.) But, we assumed that K(m) > n. Assuming n is large
enough (which we may, as there are incompressible strings of every length), this is a contradiction. O
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B Scaling Laws

Test Loss
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From Entropy to Epiplexity

B Paradox
B Information cannot be increased by deterministic processes.
B [nformation is independent of factorization order.

B Likelihood modeling is merely distribution matching.
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Random vs structural information

From Entropy to Epiplexity

Information can be created by computation

\

a Low random info, low structural info

' N\
def is_even(n):

if n == @: retuvn True
elif n return False
elif : return True
elif return False
elif : return True
elif : return False
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Moderate random info, high structural info
Y .

s
def dijkstra(g, s):
D = defaultdict(lambda:float('inf"'))
D[s] = @; q = [(8, s)]
while q:
d, u = pop(q)
if d == D[u]:
for v, w in g.get(u, []):
if (nd := d + w) < D[v]:
D[v] = nd; push(q, (nd, v))

return D :
. S

High random info, low structural info

~

API_KEY = "sk_7aF2jKlycPoLmvYzz34"
USER_ID = "usr_4f8a2cle9b7d3865"
BUCKET = "s3://data-8a3flb-west-prod"
SAVE_DIR = "/mnt/marc/exp_7f2a/ckpts”
SAVE_CKPT = True

DEBUG = False

SEED = 9284715

Loss

(’

Step )

.

—>
Epiplexity \Condmon Deterministic

Computation

e
- Efffy

Entropy [:] < [:

Apparent

Dynamics Structure

\

Randomness
Emergent ]

J

Structural information — OOD generalization
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From Entropy to Epiplexity

Definition 2 (Martin—L6f random sequence (Martin-Lof, 1966)) An infinite sequence
T1.00 € {0, 1} is Martin-Léf random iff there exists a constant ¢ such that for alln, K(z1.,) > n—c.
Using this criterion, all computable randomness tests are condensed into a single incomputable

randomness test concerning Kolmogorov complexity.

Definition 5 (Naive Sophistication (Mota et al., 2013)) Sophistication, like Kolmogorov com-
plexity, is defined on individual bitstrings, and it uses the compressibility criterion from Martin-Lof

randomness to carve out the random content of the bitstring. Sophistication is defined as the smallest
Kolmogorov complexity of a set S such that x is a random element from that set (at randommness

discrepancy of c).
nsoph,(z) = mSin :{K(S): K(x|S) > log|S|—c} (2)

K(z) =~ K(S) + log|S|

K (z) ~ nsoph(z) + randomness(z)
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From Entropy to Epiplexity

Definition 6 (Two-part MDL (Rissanen, 2004; Griinwald, 2007)) Let x € {0,1}"*? be the
data and H be a set of candidate models. The two-part MDL is:

L(z) = min L(H) — log P(z | H),

where L(H) specifies the number of bits required to encode the model H, and —log P(xz | H) is the
number of bits required to encode the data given the model.

Definition 8 (Epiplexity and Time-Bounded Entropy) Consider a random variable X
on {0,1}". Let
P* = argmin {|P|+E[log 1/P(X)]} (3)
PePr

be the program that minimizes the time bounded MDL with ties broken by the smallest program,
and ezpectations taken over X. |P| denotes the length of the program P in bits, and logarithms
are in base 2. We define the T-bounded epiplexity St and entropy Hr of the random wvariable
X as

Sp(X) == P*|, and Hp(X):=E[logl/P*(X)]. (4)




13 1/

From Entropy to Epiplexity

Definition 11 (Conditional epiplexity and time-bounded entropy) For a pair of random
variables X and Y, define 77%((”) as the set of probabilistic models P such that for each fixed x,
the conditional model Py |, is in Pr(,). The optimal conditional model with access to X is:

P} x = argmin {|P|+Ex,y) [~ log P(Y | X)]}. (5)

PP

The conditional epiplexity and time-bounded entropy are defined as:

Sr(Y | X) :=

Pyix|, Hr(Y | X)=Exy) |- log Px(y|2)]. (6)
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Experiments

B Measuring Epiplexity

BEINEFS
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B Measuring Epiplexity
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B Measuring Epiplexity
#IF Kolmogorov complexity FREYIER
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B Measuring Epiplexity
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B Measuring Epiplexity
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B Information Cannot be Created by Deterministic Transformations

K(f(z)) < K(z) + K(f) + ¢
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Hr(A | B) + Hr(B)

Information Content is Independent of Factorization
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(a) One way functions
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(b) Factorization order
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B Likelihood Modeling is Merely Distribution Matching
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Discussion

X = structure + noise
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